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Abstract. We select the n stocks traded in the New York Stock Exchange and we form a statistical ensemble
of daily stock returns for each of the k trading days of our database from the stock price time series. We
study the ensemble return distribution for each trading day and we find that the symmetry properties of
the ensemble return distribution drastically change in crash and rally days of the market. In crash and
rally days, the distribution becomes asymmetric. In particular for crashes the positive tail is steeper than
the negative one whereas the reverse is observed in rally days.

PACS. 05.40.-a Fluctuation phenomena, random processes, noise, and Brownian motion - 89.90.+n Other
topics of general interest to physicists.

In the last few years physicists interested in financial
analysis have performed several empirical researches in-
vestigating the statistical properties of stock price and
volatility time series of a single asset (or of an index) at
fixed or at different time horizons [1,2]. Other researches
have been focusing on the cross-correlation properties of
simultaneously traded stocks [3–5]. Another key aspect of
the financial dynamics concerns the behavior of the mar-
ket in days of extreme gain or loss. Statistical properties
at, before and immediately after extreme days have been
recently investigated by considering the behavior of mar-
ket indices [6,7]. An analysis performed by investigating
the time evolution of a single stock index proposes that
crashes are statistical outliers [8].

In this letter we investigate extreme market days by
following a different approach. Specifically, we investigate
the return distribution of an ensemble of n selected stocks
simultaneously traded in a financial market in market days
of extreme crash or rally in the period of our database
(from January 1987 to December 1998).

The investigation of the return distribution of an en-
semble of stocks simultaneously traded was introduced
in [9]. The customary statistical properties of price re-
turn distribution of an ensemble of stocks are discussed
elsewhere [10], here we pose and answer the following
question: Are crash and rally days significantly different
from the typical market days with respect to the statis-
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tical properties of return distribution of an ensemble of
stocks?

The investigated market is the New York Stock Ex-
change (NYSE) during the 12-year period from January
1987 to December 1998 which corresponds to 3 032 trad-
ing days. The total number of assets n traded in NYSE
is rapidly increasing and it ranges from 1 128 in 1987 to
2 788 in 1998. The total number of data records exceeds 6
million.

The variable investigated in our analysis is the daily
price return, which is defined as

Ri(t) ≡
Yi(t+ 1)− Yi(t)

Yi(t)
, (1)

where Yi(t) is the closure price of i−th asset at day t
(t = 1, 2, ..). In our study we consider only the trading
days and we remove the weekends and the holidays from
the data set. Moreover we do not consider price returns
which are in absolute values greater than 50% because
some of these returns might be attributed to errors in the
database and may affect in a considerable way the statis-
tical analyses. We extract the n returns of the n stocks for
each trading day and we consider the normalized proba-
bility density function (PDF) of price returns. The dis-
tribution of these returns gives an idea about the general
activity of the market at the selected trading day. In the
absence of extreme events, the central part of the distribu-
tion is conserved for long time periods. In these periods the
shape of the distribution is systematically non-Gaussian
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Fig. 1. Contour and surface plot of the ensemble return dis-
tribution in a 200 trading days time interval centered at 19
October 1987 (corresponding to 0 in the abscissa). The prob-
ability density scale (z-axis) of the surface plot is logarithmic.
The contour plot is obtained for equidistant intervals of the
logarithmic probability density. The brightest area of the con-
tour plot corresponds to the most probable value.

and approximately symmetrical [10]. We attribute the
non-Gaussian profile of the central part of the PDF to
the presence of correlations among the stocks. Sometimes
the PDF changes abruptly its shape either towards pos-
itive returns or towards negative returns. A systematic
study of these days shows that they correspond to ex-
treme events in the market, i.e. to crash days and to rally
days. In other words the periods in which the shape of the
PDF changes corresponds to period of financial turmoil in
the market. The most prominent example is the dramatic
change of shape and of scale of the PDF observed dur-
ing and after the 19 October 1987 crash. Other dramatic
changes are observed at the beginning of 1991 and at the
end of 1998. To illustrate in detail this behavior we con-
sider the financial crisis of October 1987. Figure 1 shows
the surface and contour plot of the ensemble return PDFs
determined in a 200 trading days time interval centered at
19th October 1987 (which correspond in abscissa to the
arbitrary value 0). The z-axis is logarithmic in Figure 1.
The central part of the ensemble return distribution shows
an triangular-like shape which is approximately conserved
far from the crisis. At the crisis, the ensemble distribution
moves towards negative returns and then begins to oscil-
late between positive and negative returns. These oscilla-
tions are clearly evident for an interval of 70 trading days
after the 1987 crash. In that case, this is the time inter-
val the market needed to come back to a “typical” state.
This phenomenon is partly reflected into the oscillatory
behavior of the Standard and Poor’s 500 index (S&P500)
observed after the 1987 crash [6].

It is worth to investigate the changes of the ensem-
ble return PDF not only by investigating the tails of the

Table 1. List of the 18 days of the investigated period (from
January 1987 to December 1998) in which the Standard and
Poor’s 500 index has the greatest return in absolute value. The
third column indicates the corresponding panel of the ensemble
return distribution shown in Figures 2 and 3.

Date Standard and Poor’s 500 return Panel

19 10 1987 −0.2041 2a
26 10 1987 −0.0830 2b
27 10 1997 −0.0686 2c
31 08 1998 −0.0679 2d
08 01 1988 −0.0674 2e
13 10 1989 −0.0611 2f
16 10 1987 −0.0513 2g
14 04 1988 −0.0435 2h
30 11 1987 −0.0416 2i

21 10 1987 +0.0908 3a
20 10 1987 +0.0524 3b
28 10 1997 +0.0511 3c
08 09 1998 +0.0509 3d
29 10 1987 +0.0493 3e
15 10 1998 +0.0418 3f
01 09 1998 +0.0383 3g
17 01 1991 +0.0373 3h
04 01 1988 +0.0360 3i
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Fig. 2. Linear-log plot of the ensemble return distribution in
days of S&P500 index extreme negative return occurring in the
investigated time period (listed in the first part of Tab. 1).

distribution but also its central part. In particular, it is im-
portant to understand whether in extreme days only the
return mean value and the scale of the PDF are changed
or if the shape of the PDF is modified also. To this end,
we select the 9 trading days of our database in which
the S&P500 has negative extreme returns. We also con-
sider the opposite case of the 9 trading days in which the
S&P500 has the greatest positive returns. These days are
listed in Table 1 with the corresponding S&P500 return
value. In Figures 2 and 3 we show the return distributions
observed in the New York Stock Exchange in the days of
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Fig. 3. Linear-log plot of the ensemble return distribution in
days of greatest S&P500 index positive return occurring in the
investigated time period (listed in the second part of Tab. 1).

extreme absolute returns. Specifically, Figure 2 shows the
return distribution in crash days whereas Figure 3 shows
the return distribution in rally days. Figure 2 shows that
in crash days the PDF has a peak at a negative value of
return. Moreover the distribution is asymmetric and the
positive tail is steeper than the negative one. Therefore
in crash days not only the scale but also the shape and
symmetry properties of the distribution change. A mirror
behavior is observed during the days of great gain of the
market. Figure 3 shows that in these trading days the neg-
ative tail of the distribution is steeper than the positive
one and the distribution has a peak at a positive return.

These findings can be quantified by noting that the dis-
tribution is negatively skewed in crash days, whereas the
distribution is positively skewed in days of great gains.
A quantitative estimate of the asymmetry of the PDF
is difficult in finite statistical sets because the skewness
parameter depends on the third moment of the distribu-
tion. Moments higher than the second are essentially af-
fected by rare events rather than by the central part of
the distribution. Due to the finite number of stocks in our
statistical ensemble, a measure of the asymmetry of the
distribution based on its skewness is not statistically ro-
bust. We overcome this problem by considering a different
measure of the asymmetry of the distribution. Specifically,
we extract the median and the mean of the distribution
for all trading days. When a probability distribution is
symmetric the median coincides with the mean. There-
fore the difference between the mean and the median is
a measure of the degree of asymmetry of the distribu-
tion. For positively (negatively) skewed distribution the
median is smaller (greater) than the mean. The median
depends weakly on the rare events of the random variable
and therefore is much less affected than the skewness by
the finiteness of the number of records of the ensemble. In
order to estimate the median value we construct an his-
togram of the returns and we evaluate the median value
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Fig. 4. Each circle is the difference between the mean and the
median of the ensemble return distribution as a function of
the mean for each trading day of the investigated time period.
The arrow indicates the anomalous behavior of the day af-
ter October 1987 black Monday. In the inset we show the
same quantity for the artificial data generated according to
the single-index model. The scale of the inset is the same of
the scale of the figure.

as the value for which the area of the histogram below and
above it are equal.

Figure 4 shows the difference between the mean and
the median as a function of the mean for each trading day
of the investigated period. In the figure each circle refers
to a different trading day. The circles cluster in an asym-
metrical pattern which resembles a sigmoid shape. In days
in which the mean is positive (negative) the difference be-
tween mean and median is positive (negative). In extreme
days (for example those listed in Tab. 1) the correspond-
ing circles are characterized by a great absolute value of
the mean and a great value of the difference between mean
and median. Another result summarized in Figure 4 is that
this effect is not exclusive of the days of extreme crash and
rally but it is also evident for trading days of intermediate
absolute average return. The change of the shape and of
the symmetry properties during the days of large absolute
returns suggests that in extreme days the behavior of the
market cannot be statistically described in the same way
of the “normal” periods. Moreover Figure 4 indicates that
the difference from normal to extreme behavior increases
gradually with the absolute value of the average return.

Among the extreme days one circle does not cluster
around the sigmoid shape and shows a different behavior
having a negative mean but a positive difference between
mean and median. This circle (indicated by an arrow in
Figure 4) corresponds to the 20 October 1987 day, which
is the day after the black Monday. The ensemble return
distribution for this day is shown in panel b of Figure 3.
This day is quite anomalous because the S&P500 had a
5.24% positive return, but the mean return of all the assets
traded in NYSE was −5.28%. In other words in this day
companies performed returns which were strongly corre-
lated with their capitalization. In summary, with just one
exception, our results provide an empirical evidence that
the ensemble statistical properties of a set of stocks traded
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simultaneously in a financial market change in a system-
atic way when the market moves far from the typical day
characterized by a small average return.

We now compare the results of our empirical analy-
sis with the results obtained by modeling the stock price
dynamics with a simple model: the single-index model.
The single-index model [11,12] assumes that the returns
of all assets are controlled by one factor, usually called the
market. For any asset i, we have

Ri(t) = αi + βiRM(t) + εi(t), (2)

where Ri(t) and RM(t) are the return of the asset i and
of the market at day t, respectively, αi and βi are two
real parameters and εi(t) is a zero mean noise term char-
acterized by a variance equal to σ2

εi . The noise terms of
different assets are uncorrelated, 〈εi(t)εj(t)〉 = 0 for i 6= j.
Moreover the covariance between RM(t) and εi(t) is set to
zero for any i.

Each asset is correlated with the market and the pres-
ence of such a correlation induces a correlation between
any pair of assets. It is customary to adopt a broad-based
stock index for the market RM(t). Our choice for the mar-
ket is the Standard and Poor’s 500 index. The best es-
timation of the model parameters αi, βi and σ2

εi is usu-
ally done with the ordinary least squares method [12]. To
compare our empirical results with the predictions of the
single-index model we build up an artificial stock market
following equation (2). This is done by first evaluating the
model parameters for all the assets traded in the NYSE
and then by generating a set of n surrogate time series
according to equation (2).

The ensemble return distribution computed in the ar-
tificial stock market is symmetrical in “typical” trading
days. In crash and rally days, it is still approximately
symmetrical around the mean value which can be positive
(rallies) or negative (crashes). By contrast, as noted above,
the return distribution in the real ensemble is asymmetric
in extreme days. We can again quantify the asymmetry
of the distribution by evaluating the difference between
mean and median. The inset of Figure 4 shows the differ-
ence between the mean and the median as a function of
the mean for the artificial data for each trading day of the
investigated period. The differences between the real and
artificial sets of circles are evident. The circles represent-
ing the synthetic data are distributed roughly symmetri-
cally around the origin of the plane. Moreover the values
of the difference between mean and median observed for
the single-index model are not very large compared with
the ones observed in the real set, confirming that the en-
semble return distribution of the artificial data is approx-
imately symmetrical in extreme days too. This difference
suggests that the effective correlation among the assets
can be described by the single-index model only as a first
approximation. The degree of approximation of the single-
index model progressively becomes worst for market days
of increasing absolute average return and fails in properly
describing the market behavior of extreme days.

The main object of this letter is the study of the re-
turn distribution of an ensemble of stocks in a trading day

with extreme absolute average return. We show that the
ensemble return distribution changes shape and symme-
try properties in crash and rally days. We compare our
empirical results with the expected behavior of the single-
index model and we observe that this simple model fails in
describing the market in extreme days. In particular the
main discrepancy concerns the asymmetry of the ensem-
ble return PDF of the model which is different from the
one observed in empirical data in extreme days. Changes
in the shape and symmetry of the PDF may be associated
to changes of the correlation properties. It is commonly
accepted that the return time series of different stocks
synchronously traded are correlated and several researches
has been performed in order to extract information from
the correlation properties [3–5]. Our study suggests that
the correlation properties between stocks may change dur-
ing market days characterized by extreme absolute return.
A quantitative evidence of the change of correlation prop-
erties during crashes has been observed in [13]. A precise
characterization of the correlation properties and of their
modification is of key importance for the modeling of mar-
ket dynamics in normal and in extreme market days.
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